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qq ■ Abstract. Given an effectively parameterized family of canoni- 

£NJ ' cally polarized manifolds the Kahler-Einstein metrics on the fibers 

induce a hermitian metric on the relative canonical bundle. We 
use a global elliptic equation to show that this metric is strictly 
positive. For degenerating families we obtain a singular hermitian 
metric. Applications concern the curvature of the classical and gen- 
■ eralized Weil-Petersson metrics, the hyperbolicity of moduli spaces 

and the quasi-projectivity of the moduli space of canonically po- 
larized manifolds. We also describe an approach to the case of 
polarized manifolds with semiample canonical bundle. 
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1. Introduction 



(N 
> 
On 

For any holomorphic family of canonically polarized, complex man- 
' ifolds, the unique Kahler-Einstein metrics on the fibers define an in- 

trinsic metric on the relative canonical bundle. The construction is 
functorial the sense of compatibility with base changes. By definition, 
q \ its curvature form has at least as many positive eigenvalues as the di- 

mension of the fibers indicates. We show that it is strictly positive, 
provided the induced deformation is not infinitesimally trivial at the 
corresponding point of the base. 

Actually the first variation of the metric tensor in a family of compact 
Kahler-Einstein manifolds contains the information about the induced 
deformation, more precisely, it contains the harmonic representatives 
of the Kodaira- Spencer classes. The positivity of the hermitian metric 
will be measured in terms of a certain global function. Essential is 
an elliptic equation on the fibers, which relates this function to the 
pointwise norm of the harmonic Kodaira- Spencer forms. 

We show that for a degenerating family the positive hermitian metric 
on the relative canonical bundle extends as a singular positive metric 
on a certain line bundle. The proof depends on the known C°-estimates 
previously used for the construction of Kahler-Einstein metrics. Fur- 
thermore we prove an extension theorem for holomorphic line bundles 

l 
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with positive, singular hermitian metrics: Such a bundle, given on the 
complement of a thin analytic set of a reduced complex analytic space, 
can be extended, if it possesses local extensions as a holomorphic line 
bundle, and if the curvature form extends as a closed, positive cur- 
rent. This theorem is first applied to the total space of the universal 
family X — > H over the Hilbert scheme. Next we consider a certain 
determinant line bundle of the relative canonical bundle, which is de- 
fined over the open part of the Hilbert scheme. It carries a Quillen 
metric, and its curvature form is the generalized Weil-Petersson form. 
The latter is equal to the fiber integral J x j H Cx()Cx/h, h) n+1 , where n is 
the fiber dimension. These quantities descend to the moduli space of 
canonically polarized manifolds. Again we see that the curvature form 
extends as a closed, positive current, and the determinant line bundle 
possesses local extensions to the compactified moduli space (we use 
the fact that the moduli space is an algebraic space). The extension 
theorem provides us with a holomorphic line bundle on the compact- 
ified moduli space, which is strictly positive and of class C°° on the 
interior, and which extends as a positive, singular hermitian bundle. 
This implies the quasi-projectivity of the moduli space of canonically 
polarized manifolds. Acknowledgements. 



Let X be a canonically polarized manifold of dimension n equipped 
with a Kahler-Einstein metric 00 x- In terms of local holomorphic coor- 
dinates (z 1 , . . . , z n ) we write 



where g := det g a g. We consider g as a hermitian metric on the anti- 
canonical bundle K x x . 

For any holomorphic family of compact, canonically polarized man- 
ifolds / : X — > S of dimension n with fibers X s for s £ S the Kah- 
ler-Einstein forms ujx s depend differentiably on the parameter s. The 
resulting relative Kahler form will be denoted by 



The corresponding hermitian metric on the relative anti-canonical bun- 
dle is given by g = det g a ~s{z, s). We consider the real (1, l)-form 



2. Positivity of K x /s 




so that the Kahler-Einstein equation reads 
(1) LO X = -Ric(u x ), i-e. lo x = V 
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on the total space X. We will discuss the question, whether 00 x is a 
Kahler form on the total space. 

The Kahler-Einstein equation ([1]) implies that 

for all s G S. In particular u>x, restricted to any fiber, is positive 
definite. Our result is the following statement. 

Theorem 1. Let X — > S be a holomorphic family of canonically polar- 
ized, compact, complex manifolds. Then the hermitian metric on JCx/s 
induced by the Kahler-Einstein metrics on the fibers is semi-positive 
and strictly positive in fiber direction. It is strictly positive over points 
of the base, where the family is not infinitesimally trivial. 

Both the statement of the Theorem and the methods are valid for 
smooth, proper families of singular (even non-reduced) complex spaces 
(for the necessary theory cf. |F-Sj ) . 

It is sufficient to prove the theorem for one-dimensional families as- 
suming ScC. (In order to treat singular base spaces, we can reduce 
the claim to non-reduced base spaces of embedding dimension one, 
where the arguments below are still meaningful and can be applied 
literally. ) 

We denote the Kodaira- Spencer map for the family / : X — > S at a 
given point s G S by 

p S0 :T S0 ^H l (X,T x ) 

where X = X So . The family is called effectively parameterized at sq, if 
p SQ is injective. The Kodaira- Spencer map is induced as edge homo- 
morphism by the short exact sequence 

-> Tx/s ^Tx^ f*T s -> 0. 

If v G T 3Q S is a tangent vector, say v = Jj| so and + b a -^ is any lift 
to X along X, then 



ds y ' dz a J dz? dz 

is a <9-closed form on X, which represents p so (d/ds). Observe that b a 
is not a tensor on X unless the family is infinitesimally trivial. 

We will use the semi-colon notation as well as raising and lowering 
of indices for covariant derivatives with respect to the Kahler-Einstein 
metrics on the fibers. The s-direction will be indicated by the index s. 
In this sense the coefficients of u x will be denoted by g S s, g a s, etc. 

Next, we define canonical lifts of tangent vectors of S as differentiable 
vector fields on X along the fibers of / in the sense of Siu |SIU3j . By 
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definition these satisfy the property that the induced representative of 
the Kodaira-Spencer class is harmonic (cf. also |SCH2| ). 

Since the form uo x is positive, when restricted to fibers, horizontal 
lifts of tangent vectors with respect to the pointwise sesquilinear form 
(— , —)uj x are well-defined. 

Lemma 1. The horizontal lift ofd/ds equals 

v = d s + a°d a , 
where _ 

< = w 

Proposition 1. The horizontal lift induces the harmonic representa- 
tive of p SQ (8/ ds) . 

Proof. The Kodaira-Spencer form of the tangent vector <9/<9 SQ is given 
by dv\X s = a^-jpadz^ . 

The above equation follows immediately: We consider the tensor 



A% ■= a a 15 \X. 



s/3 - s;/3l 

on X. Then 



= -g~ 5a ((Slog g/ds)r 5 + g sT Rf) = 0. 

□ 

Next, we introduce a global function (p(z, s), which is the pointwise 
inner product of the canonical lift v of d/ds at s G S with itself with 
respect to w^. Since tux is not known to be positive definite in all 
directions, (p > is not known at this point. 

Lemma 2. 

y> = (<9 S + a"d a , d s + a a s d p ) ulx = g s ^ - g a - s g s ^ a 
Proof. The proof follows from Lemma [T] and 



V = 9ss + g s p(4 + a *9*s + a a s a^g a p. 



□ 



Denote by uj x +1 the (n+ l)-fold exterior product, divided by (n+ 1)! 
and by dV the Euclidean volume element in fiber direction. Then the 
global real function (p satisfies the following property: 

Lemma 3. 

u x +1 — (p ■ g ■ dV\f^lds A ds. 
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Proof. Compute the following (n + 1) x (n + l)-determinant of 

9as 9 a ]3 

where a, (3 = 1, . . . , n. □ 

So far we are looking at local computations, which essentially only 
involve derivatives of certain tensors. The only global ingredient is the 
fact that we are given global solutions of the Kahler-Einstein equation. 

The key quantity is the differentiable function ip on X. Restricted to 
any fiber it ties together the yet to be proven positivity of the hermitian 
metric on the relative canonical bundle and the canonical lift of tangent 
vectors, which is related to the harmonic Kodaira-Spencer forms. 

We use the Laplacian operators fJ ffiS with non-negative eigenvalues 
on the fibers X s so that for a real valued function x the equation 
□g, s X = -9^ a X; a p holds. 

Proposition 2. The following elliptic equation holds fiberwise: 

(2) + idM*,s) = \\A s {z,s)\\ 2 , 

where 

d 

A* = A — dz^ 

is the harmonic representative of the Kodaira-Spencer class p s (J^) as 
above. 

Proof. The essence to prove an elliptic equation for the tensors that 
involve derivatives with respect to the parameter space is to eliminate 
second order such derivatives. This is achieved by the left hand side of 
(ED. First, 

9 5l 9ss n 6 = g^'dsdsg^s 

= d s c\ log g + aj' 5 a- s 



Next 



The last term vanishes because of the harmonicity of A 8 , and 

= a:. 
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□ 

Proof of TheoremUi We first show the semi-posit ivity of the metric. 

As ujx is positive definite in fiber direction, we need to show only 
that ip > (or ip > resp.) For any fixed s G S, let 

(f{z,s) > <p(zo,s). 

Then 

<p(z , s) = \\A B (zo, s)\\ 2 - D giS <p(z , s) > \\A s (z Q , s)\\ 2 > 0. 

For any fixed s G S the function cp\X 8 is not identically zero, otherwise 
by (J2]) the family had to be infinitesimally trivial at that point. 

According to a the theorem of Kazdan and De Turck |DT-K] , Kahler- 
Einstein metrics are real analytic (and by the implicit function theorem 
depend in a real analytic way upon holomorphic parameters). This 
applies to the function ip. 

The above argument shows that the zero set of tp is contained in the 
set of points, where all components of A s vanish. 

We mention that the integral mean of u/£. +1 taken over the fibers is 
equal to the generalized Weil-Petersson form on S (cf. |F-S[ Theorem 
7.9]). 

The strict positivity of (p follows from the proposition below. □ 

We consider the equation flSJ) locally. Let G U C C" be an open 
subset containing the origin, and ujj = : ^-g ^i K z)dz a A dz 13 a real 
analytic Kahler form on U. 

Proposition 3. Let ip and f be real analytic, non-negative, real func- 
tions on U . Suppose 

(3) U^ip + <p = f 

holds. If (p(0) = 0, then both (p and f vanish identically in a neighbor- 
hood ofO. 

Proof. It follows from the assumption that ip has a local minimum at 
the origin, and ([3]) implies that □ Wu .</j(0) = and /(0) = 0. 

We set □ = D W(J and chose normal coordinates z a of the second kind 

for ujjj at 0. Let D = — J2a=i dSdz~ ^ e ^ ne standard Laplacian so 
that 

where the power series expansions of all h^ a have no terms of order 
zero or one. Also □oy(O) = 0. In the following arguments it may be 



1 The claim is also a consequence of |P-W1 Theorem 6, Chap. 2, Sect. 3]. 
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necessary to replace U by a smaller neighborhood of zero. Then we 
can say that both \D(p and Oqip are non-positive. 
We suppose that (p is not identically zero and let 

e>e 

be the homogeneous expansion of ip into polynomials of degree £ with 
(fi 7^ 0. It follows from the assumption that <pe > 0. 

The homogeneous components of the Laplacians of least possible 
order are the components of degree £o — 2 

(□¥>k-a = (Po¥?k-2 

because of the choice of the coordinates. Suppose that (□ </?k_2 — 
n Q (ip£ ) vanishes identically. Then the mean value property implies 
that (pn Q = 0, which contradicts the choice of £q. 

Now the integral over the sphere S(r) of radius r with respect to the 
standard (flat) inner product and surface element dA is taken. Let 




Then 

> / DipdA = / D ipdA + R(r) 

J Sir) J Sir) 

where the remaining term R(r) is of order at least £q + 2n — 1 in 
r, whereas the integrals are of order £ + 2n — 3, unless they vanish 
identically. In the latter case, again the Laplacians are identically zero, 
implying ip = 0. We consider the integrated equation (J3]). The order 
of <p(r) is £q + 2n — 1 so that the lowest order term on the left hand 
side of 

/ DcpdA + (p{r) = [ fdA 

JSir) JS(r) 

is c • r e ° +2n ~ 3 , with c < contradicting the property of /. □ 

3. Fiber integrals and Quillen metrics 

In this section we refer to the methods how to produce a positive line 
bundle on the base of a holomorphic family (cf. [F-Sj ). Let / : X — > S 
be a proper, smooth holomorphic map and uJx/s a closed real (1,1)- 
form on X, whose restrictions to the fibers are Kahler forms. Let (£, h) 
be a hermitian vector bundle on X. We denote the determinant line 
bundle of £ in the derived category by 

\{£) = det /,(£). 
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The main result of Bismut, Gillet and Soule from |BGSj states the 
existence of a Quillen metric h9 on the determinant line bundle such 
that the following equality holds for its Chern form on the base S: 



(4) Cl {\{E),h?) 



td(X/S, uj x /s)ch(S, h) 
x/s 



holds. Here ch and td stand for the Chern and Todd character forms. 

We will apply the formula in two different situations. 

We use the formula for a virtual bundle of degree zero and set £ = 
(£ — £ _1 ) n+1 , where (£, h) is a hermitian line bundle. The term of 
lowest degree in ch(£) is equal to 

(5) 2 n+1 Cl (C) n+1 

so that the only contribution of the Todd character form in (j3j) is the 
constant 1 resulting in the following equality. 



(6) Cl (\(S),h^ = 2 n+1 [ Cl (£,hr~ ] 

J x/s 



4. An extension theorem for hermitian line bundles 

We will need the notion of a singular hermitian metric over a (re- 
duced) complex space. First, we note that by definition an upper 
semi-continuous function u : Z — > [— oo, oo) on a complex space Z is 
plurisubharmonic, if its pull-back to any (locally given) analytic curve 
is subharmonic (or equal to — oo). Let £ be a holomorphic line bundle 
und Z, then a positive, singular hermitian metric h on C is defined 
by the property that the locally defined function — log h is plurisub- 
harmonic, when pulled back to the normalization of the space. Only 
in this sense we consider positive (1, l)-currents on reduced complex 
spaces. 

The following is an existence theorem for a holomorphic line bundle, 
while there seems to be little control over the actual extension. 

For any positive closed (1, l)-current T on a complex manifold Y the 
Lelong number at a point x is denoted by v(T,x), and for any c > 
we have the associated sets E C (T) = {x;u(T,x) > c}. According to 
[SIU21 Main Theorem] these are closed analytic sets. 

We will apply Siu's decomposition formula from |SIU2j to a given 
positive, closed current to. It reads 



(7) 



oo 

lo = y]fx k [Z k ] + R, 
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where the fik are positive numbers, the [Zk] are currents of integra- 
tion over irreducible hypersurfaces Zk, and where R denotes a residual 
current. The /!& are the generic Lelong numbers of u along Zk- The 
residual current has the property that dim E C (R) < n — 1 for every 
c> 0. 

Theorem 2. Let Y be a compact, normal space and Y' = Y \ A the 

complement of a closed analytic, nowhere dense subset. Let V be a 
holomorphic line bundle together with a (semi-)positive hermitian met- 
ric, which also may be singular. Assume 

(i) the curvature current u' of [L 1 , h') possesses an extension u to 
Y as a closed positive current 

(ii) the line bundle V possesses local holomorphic extensions to Y . 

Then there exists a holomorphic line bundle (L, h) with a singular, pos- 
itive hermitian metric, whose restriction to Y' is isomorphic to (L' , h'). 

Proof. We first assume that the space Y is smooth. Let {Uj} be an 
open covering of Y with Uj = Uj fl Y' such that the line bundle L' is 
given by a cocycle g[j G Oy(U-j), where Uj = UdUj and U[j = U^nY'. 
(The local extensions of U are just trivial line bundles Lj on U.) We 
set h\ = h'\U!-. Because of the assumptions on the curvature current, 
we find plurisubharmonic functions ipi on U such that 

- V-Ldd log % = V^ldd^i \U'A. 

Hence 

h' r \ e ^ = e - 2 ^\U' l 

for some f[ G 0{U'A. We use the e% for a coordinate transformation. 
Let 

~i -ft f 
9ij = < '.'A/ - 

The metric h' is given on U[ in the new fiber coordinate by 

% = Wefif 1 = e-**\U' t . 

Now 

|77' |2 _ 2t/,i-2if>j\TTl 
Wj\ e \ u ij- 

We will have to change the trivial line bundles Lj in the following sense. 

We subtract the (integer) divisorial part in (j7|) from uj, we write 

w - ^2 L^fcJ i z k] = ^2(t J <k- L/^fcJ ) [Z k ] + R. 

The divisors Zk are contained in the set A. Let the ^2 [/-^J [Zk] be 
locally given by holomorphic functions a« G 0(U). We define 

9ij = g'ij a i/ a j- 
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We pick a number c with < c < 1 and consider Y = Y\E C (R). 

Restricted to Y, the positive, closed current XX/-^ — L/^fcJ ) [^fe] + R 
has Lelong numbers smaller than one everywhere. Let 2\ be a local 
<9<9-potential for this current on Y . The theorem of Bombieri BO] and 
Skoda |SKj implies that e~ 2x is locally integrable. Now for the new 
cocycle g 1 ^ the property 

Wvl 2 e LlM, nY) 

holds. Hence the gL can be extended holomorphically to the sets Uij. 
As both <tJ. and g'^ can be extended, we obtain a cocyle in Y , which 
defines a certain holomorphic line bundle on 7. It follows from the 
construction that the singular metric extends to the line bundle con- 
structed above with curvature current equal to ^(/ifc — L/UfcJ ) [Zfc] + R. 
On the interior nothing changed. □ 

We remark that the theorem also holds for orbifold structures (where 
a certain finite tensor power of the given line bundles must be taken to 
ensure that the bundles descend as holomorphic line bundles). 

If Y is just a reduced complex space, we still have the following 
statement. 

Proposition 4. Let Y be a reduced complex space, and A <zY a closed 
analytic subset. Let C be an invertible sheaf on Y\A, which possesses a 
holomorphic extension to the normalization of Y as an invertible sheaf. 
Then there exists a reduced complex space Z together with a finite map 
Z —> Y , which is an isomorphism over Y\A such that C possesses an 
extension as an invertible sheaf to Z . 

Proof. Denote by v : Y — > Y the normalization of Y, and by C the 
extension of the pull-back of C to Y . Then, according to [SlUlj the 
sheaf 

(vX)[Y\A] C vX 
on Y that is given by the presheaf 

U {a e (v.£)(U); o-\U\A e C(U\A)} 

is a coherent CV-module consisting of C-algebras. The analytic spec- 
trum according to Forster [FOJ provides the space Z. □ 



5. Weil-Petersson metric on Hilbert schemes 
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AND DOUADY SPACES 

In |B-S] and |A-S] a Weil-Petersson metric for Douady spaces and 
Hilbert schemes was studied. Let (Z, uj z ) be a Kahler manifold, and 

(8) X^+ZxS 

pr2 

s 

a fiat holomorphic family of complex submanifolds of Z, parameterized 
by a complex space S of dimension n. Let sq be a distinguished point 
of S with fiber X = X SQ . The associated Kodaira-Spencer map is 

p so :T S0 S^H°(X,Ar xlz ). 

Denote by u>x the induced Kahler form on X. The Kahler form ujz in- 
duces a pointwise hermitian inner product (•, -) uz on the normal bundle 
Mx\z, and by integration a natural inner product on the space of its 
global holomorphic sections. 

Definition 1. The Weil-Petersson inner product for v ,w G T SQ S equals 

(v,w) PW = / (p(v),p(w)) uz u$;. 
Jx 

We recall that the above hermitian inner product is positive defi- 
nite in directions, where the given family is effective (i.e. for which 
the Kodaira-Spencer map is not equal to zero), and the corresponding 
hermitian form on S is induced by the fiber integral 

(9) u p s w = j 

x/s 

where n = dimX and uj is the pull-back of ujz to Z x S. The con- 
struction is intrinsic, in particular the fiber integral commutes with 
base change morphisms. The fiber integral construction implies that 
the Weil-Petersson form cUg^ is ci-closed i.e. Kahler. 

For Hilbert schemes S = 7i and Z = equipped with the Fubini- 
Study metric u z = uj fs = ci(0-p N (l), h FS ), the line bundle C = Of N (l) 
gives rise to the determinant line bundle in the derived category A = 
det/i((£ — £ _1 ) n+1 ). We invoke the results from Section [3] and get 
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Next, we consider the component Tt of the Hilbert scheme correspond- 
ing to flat (possibly singular) morphisms. 

X l F N xH 

pr2 

n 

(with flat proper morphism /). With £ = TOp N (l) we have an exten- 
sion A = det /,((£-£ ) n+1 ) of A holomorphic line bundle to Tt. 
We denote the extension of the Weil-Petersson metric given by a fiber 
integral analogous to by 
We define 

(io) u^= J (£ n+ m 

X/K 

where Q is the pull-back of the Fubini-Study form to X. 

Generally speaking, the fiber integral is also meaningful for flat em- 
bedded families, where only the existence of one non-singular fiber is 
required. It was shown in [VAlt Lemme 3.4] that is a rf-closed 
real (1, l)-current (positive in the sense of currents), which possesses a 
continuous do * -potential. So the curvature form of the Quillen metric 
on A extends in this sense. From now on we restrict ourselves to the 
normalization of the Hilbert scheme and of its compactification resp. 

Proposition 5. There exists a holomorphic line bundle A on Tt with 
A|7Y — A and a continuous extension hP of the Quillen metric on A 
such that 

Proof. We can adopt the proof of Theorem [2j Let {Ui} be an open 
covering of Tt such that the line bundle A is given by a cocycle g^ . Let 
U- = Ui fl Tt and = fl Tt. Let the Quillen metric on X\U- be 
given by h[, and let \/^ldd log hi = \^lddipi\U'j for certain continuous 
functions ipi on Ui. Hence 

h> = \e^-(e^\U>) 

for certain holomorphic functions // on U[. Now the 

(l^| 2 |e^| 2 )|^ = e^|^ 
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possess continuous extensions to Uij which have no zeroes. This shows 
that the g^e^ - ^ \U[j can be extended as cocycles to Ti defining A in a 
way such that the Quillen metrics extend in a continuous way to TC. □ 

Based upon the results of Bismut from [BIj also for certain nodal 
singularities the Quillen metric of a determinant line bundle can be 
defined allowing for such singularities. Details are discussed in |A-S] . 

Next we will use the Weil-Petersson metric on a Hilbert space as a 
background metric in the relative Kahler-Einstein case. 



6. Degenerating families of canonically polarized 

varieties 

In this section we want to show that in a degenerating family the 
curvature of the relative canonical bundle can be extended as positive 
closed currents. By definition this is an extension to the normaliza- 
tion. Accordingly, we can restrict ourselves to normal base spaces and 
normalizations of Hilbert spaces. So we can assume that the Hilbert 
spaces (and compactifications) are constructed in the category of nor- 
mal complex spaces. 

Given a canonically polarized manifold X together with an m-canonical 
embedding $ = § m K x '■ X <^-> F N , the Fubini-Study metric h FS on the 
hyperplane section bundle Op N (l) defines a volume form 

TV 

(11) &x = (E\Hz)\ 2 ) 1/n 

i=0 

on the manifold X, such that 

lu° x := -Ric(f^) = — u FS \X, 
m 

where u FS denotes the Fubini-Study form on P^. According to Yau's 
theorem, uo x can be deformed into a Kahler-Einstein metric u x = 
uj x + \/—lddu. It solves the equation (Tj[|) which is equivalent to 

(12) (c4 + V^lddu) n = e u n° x . 

We will need the C°-estimates for the (uniquely determined) C°°- 
function u. 

The deviation of uj x from being Kahler-Einstein is given by the func- 
tion 

(13) F = \og- lx 
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We will use the C°-estimate for u from \C-Y\ Proposition 4.1] (cf. 

mm)- 

C°-estimate. Let D° denote the complex Laplacian on functions with 
respect to uj° x (with non-negative eigenvalues). Then 

(14) u + F<-D°(u). 

In particular the function u is bounded from above by sup(— F). 

Now we come to the relative situation. In this section we denote the 
normalization of the compactified Hilbert scheme again by TC contain- 
ing the (normalized) Hilbert scheme by TC. Let 

(15) Xr^F N xH 

pr2 




Next, we desingularize TC in a way that the union of the singular locus 
and the singular set corresponds to a normal crossings divisor D C TC. 
We just take the pull-back X = X x^TC of the embedded flat singular 
family, allowing non-reduced fibers. Let a be a canonical section of 
[D] , and |c| its locally defined absolute value. 

Let § : X — > xTC be the induced morphism. Let TC' = TC\D, and 
denote by /':#-► H the restricted map. We set £ = $*C Pjvx5 (l) 
and denote by £ its pull-back to X. Furthermore, we assume that 
£\X' = 0^{mK^ l/w ). 

Next, we denote the relative the initial volume form on X' by 
which again is defined in terms of $ and the Fubini-Study metric on 
Op N (l) like in ( fill) . In a similar way cu-, is defined. We denote by u and 
F the quantities defined above, depending on the base parameter. Since 
all quantities on the right hand side are defined in terms of polynomials, 
it follows immediately that for some positive exponents k and I we have 



|cx(s)| 2fc sup ' 



< const. 



for s G TC', i.e. 



\o-(s)\ 2k sup{e- F(z) -J(z) = s}< const. 

and 

\a(s)\ 2e n° < const. 
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holds. The C°-estimate ( TH1) implies that 

\a(s)\ 2 ^e u Q° < const. 



This function is defined locally with respect to the base, i.e. on a set of 
the form f~ 1 (U\D). Its logarithm is plurisubharmonic over the com- 
plement of the divisor D and bounded from above, hence it possesses 
a plurisubharmonic extension. Now the current 



can be extended to X as a positive, closed current. The necessary term 
to be added is basically a multiple of the current of integration over the 
boundary divisor. The push- forward to X of the extended current is a 
positive, closed extension of the original curvature current. We showed 
the following fact. 

Theorem 3. Let {Kx/n-tih) be the relative canonical bundle on the to- 
tal space over the Hilbert scheme, equipped with the hermitian metric 
induced by the Kahler- Einstein metrics on the fibers. Then the curva- 
ture form extends to the total space over the compact Hilbert scheme 7i 
as a positive, closed current . 

We observe that stronger estimates are to be expected for slices 
through boundary points of the Hilbert scheme that correspond to 
log-canonical singularities. 

7. Extension of the Weil-Petersson form for canonically 
polarized varieties to the compactified hllbert scheme 

Following [F-S] for any (smooth) family / : Z — > S of canonically 
polarized manifolds, the generalized Weil-Petersson form w^ p on S was 
proven to be equal up to a numerical factor to a certain fiber integral. 

We set £ = (/C^ /S -/C^ 5 ) n+1 in gj). Equation © in Section [3] yields 



where uj z = c^Kz/s, h). 

On the other hand Lemma [2] together with Proposition [2] imply that 
the fiber integral equals the generalized Weil-Petersson form: 





f-HV\D) 



(16) 





where the forms 



A. .^drudz^ 
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are the harmonic representatives of the Kodair a- Spencer classes p s (d/dsi\ s ), 
i.e. 

(17) ^ p ^[ Cl (jc z/s ,hr +i . 

Jz/s 

Now 

(18) Cl (det f x {{K z/s - lC z ) s ) n+1 ), hP) ~ uf p . 

We first consider the situation of Hilbert schemes of canonically po- 
larized varieties. 

After fixing the Hilbert polynomial and a multiple m of the canon- 
ical bundles, which yields very ampleness we consider the universal 
embedded family over the Hilbert scheme 

X tp^ x H 

pr 

n. 

In this sense we modify the determinant line bundle and consider 
A = det/ ! ((/C|7 5 -(/C^ /s )n ri+1 )- 

Now we look at the compact Hilbert scheme TC including points with 
singular fibers 

X l F N x H 

pr 

n 

such that / is a flat morphism. Again we let £ be the pull-back of the 
hyperplane section bundle to X. Now the determinant line bundle A 
extends to 

A = det7,((£ 0m - 

on H. 

We will need the fact that the construction of the Quillen metric of 
determinant line bundles can be extended to smooth proper families 
over base spaces with arbitrary singularities in such a way that — log hP 
is locally the restriction of a C°° function given on a smooth ambient 
space |F-St §12]. This C°° function is a <9<9-potential of a real (1, 1)- 
form, which restricts to the generalized Weil-Petersson form. 
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Next, we want to apply Theorem [3] and consider the fiber integral 
analogous to (fT7|) for the map / : X — > TC. 

(19) u%*= [_ j<4 E r +i . 

J x/n 

We need to show that the above fiber integral is well-defined. 

Theorem 4. The extended Weil-Petersson form on TC given by the 
fiber integral ffl9l) is a positive, singular (1, 1)- current. 

Proof. Again, the statement is about the pull-back to the normaliza- 
tion, so that we may assume normality. 

We use the notation from Section [6] accordingly. We need to consider 
the fiber integral (IT9l over the smooth locus TC of the family, i.e. (ITT)) , 
which is strictly positive in effective directions. 

We first observe that we can see from the relative version of the 
Monge- Ampere equation ()12p . how the Kahler form on the total space, 
i.e. the curvature form of the relative canonical bundle (induced by the 
Kahler-Einstein metrics on the fibers) differs from the restriction of the 
Fubini-Study form on the total space. 

u« E := 2-K Cl {K x/H ,h) = V^ldd(log(u; x/H r) = 



V-ldd(\oge u Q x ) =lu x + V-lddu, 

where uj x stands for the Fubini-Study form pulled back to X . 
We observe that 



(uj° x +y/^Tddu) n+1 = {u x ) n+1 +y^Tdd [u22{u} x y{u} x + V^lddu) n - j 

\ 3=0 

First, we note that the fiber integral of (u x ) n+1 possesses an extension 
as a positive, singular hermitian metric (cf . Proposition \5§ . Next we 
use the results of Section [6j Near any point of H\H the potentials u 
are bounded from above uniformly in the parameter of the base. We 
consider 

V^ldd (u ■ (u° x ) j {u x + yf^lddu) n - j ) = 

x/n 



V^lddl / u-(u° x ) j (u x + V^lddu) n - j 
\Jx/n 

where now the potential is explicitly given. Consider the integrals 

u- {uo x ) j {uo x + V^lddu) n ~ j 



Xs 
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over the fibers. Now u is uniformly bounded from above, and the 
integrals 



are constant in s. 

This shows the boundedness of the potential for the singular Weil- 
Petersson metrics for families of Kahler-Einstein manifolds of negative 



8. Moduli of canonically polarized manifolds 

In this section we give a short analytic/differential geometric proof 
of the quasi-projectivity of moduli spaces of canonically polarized man- 
ifolds depending upon the variation of the Kahler-Einstein metrics on 
such manifolds. 

We begin with the fact that (after fixing the necessary numerical 
invariants) we are looking at a component M. of the moduli space of 
canonically polarized manifolds, endowed with a compactification Ai, 
which is an algebraic space. 

The proof of the quasi-projectivity is an immediate consequence of 
the previous sections: 

On the moduli space M. of canonically polarized manifolds we are 
given a certain determinant line bundle, equipped with a strictly posi- 
tive Quillen metric of class C°° in the orbifold sense (cf. [F-S] ). which 
is induced by the Kahler-Einstein volume forms. (It was essential to 
have a functorial construction for holomorphic families for both the line 
bundle A and the Quillen metric h Q in order to descend to the moduli 
space.) 

From here on, it is sufficient to look at (degenerating) families over 
normal complex spaces. In Section [7] we showed that the curvature 
form of the relative canonical bundle extends as a positive, closed cur- 
rent to the normalization of the total space - the fiber integral that 
induces the Weil-Petersson form again extends to the normalization of 
the compactified moduli space. 

The Hilbert space approach yielded local extensions of the deter- 
minant line bundles to a (normal) compactification of the normalized 
moduli space so that according to Theorem [2] the pull-back of the line 
bundle to the normalization extends as a holomorphic line bundle with 
a positive, singular, hermitian metric. 

Since we need strict positivity of the hermitian metric over the mod- 
uli space itself, we need to change the compactification in order to 




curvature. 



□ 
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ensure that the original line bundle extends - a fact that follows from 
Proposition HI Now the criterion [S-Tl Theorem 6] is applicable. 

Altogether we proved the following fact, which yields the quasi- 
projectivity of the moduli space [Vj IVlt IV21 IKO] . 

Theorem 5. 

(i) Let M. be a component of the moduli space of canonically po- 
larized manifolds. Then a tensor power of the determinant line 
bundle det f\(K%? s - (/Cf™ for holomorphic families to- 
gether with the Quillen metric descends to (A, h Q ) the moduli 
space in the orbifold sense. 

(ii) The curvature form of the determinant line bundle extends as 
a (semi-) positive current to a certain compactification M.. 

(ii) A tensor power of the determinant line bundle extends as a line 
bundle X to a compactification of the moduli space, the Quillen 
metric gives rise to a singular hermitian metric on X, which is 
strictly positive and of class C°° in the orbifold sense over the 
interior. 

9. QUASI-PROJECTIVE MODULI FOR PROJECTIVE VARIETIES WITH 
SEMI-AMPLE CANONICAL BUNDLE 

In this section we indicate how to apply the methods to projective 
manifolds with semi-ample canonical bundle. 

Definition 2. A holomorphic line bundle is called semi-ample, if a 
positive power is generated by global sections. 

The idea is to use moduli spaces of framed manifolds in the sense of 
[SCH4J. Given a fixed polarized variety, we consider very ample smooth 
divisors D, which realize the polarization such that for some m > the 
Q-Cartier divisor Kx + {m — l)/mD is ample. These objects possess a 
moduli space, with a partial compactification including points, where 
the underlying manifold X is still smooth but the divisor D may be 
singular. We consider the induced Galois covering manifolds X m — ► X, 
which possess Kahler-Einstein metrics of constant negative curvature. 
These can also be considered as Kahler-Einstein orbifold metrics for the 
manifolds X. (Although this process does not produce global families, 
the setup yields both determinant line bundles and Quillen metrics.) 
The orbifold standpoint provides us with C°-estimates, with no finite 
base change necessary in a way that for the singular hermitian metric 
on the relative canonical bundles the Lelong numbers are equal to zero 
- a fact, which persists also, when performing fiber integration. This 
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provides us with a positive line bundle on the corresponding Hilbert 
scheme for polarized varieties. So far the process is also functorial, 
because all objects are intrinsically defined. 

The extension of the determinant line bundle as a hermitian line 
bundle with a singular, positive hermitian metric to the compactified 
moduli space is done like the proof in the canonically polarized case: 
For the estimates, we need a background metric, that arises from a 
Hilbert scheme situation. Here the assumption of the existence of global 
generators for some (uniform) tensor power of the canonical bundles is 
crucial. 

10. Further applications 

We consider the direct image of /Cfy s for families of canonically 
polarized manifolds. 

Theorem 6. Let S be a complex manifold and f : X —>■ S a holo- 
morphic family of canonically polarized manifolds, equipped with Kah- 
ler-Einstein metrics of constant negative curvature. Let the locally free 
sheaf 

be equipped with the induced L 2 metric. Then 

(i) the sheaf f^(K,^, 2 s ) is semi-positive in the sense of Nakano, if S 
is Kahler. 

(ii) the sheaf f*(fc% 2 / s ) is positive in the sense of Nakano, if the 
family is effectively parameterized everywhere. 

The proof is an immediate consequence of our main theorem and a 
theorem of Berndtsson [B] . 

10.1. The classical Weil-Petersson metric on Teichmiiller space. 

It is known from the results of Wolpert that the classical Weil-Peters- 
son metric for families of Riemann surfaces of genus larger than one has 
negative curvature: According to |WO] the sectional curvature is nega- 
tive, and the holomorphic sectional curvature is bounded from above by 
a negative constant. A stronger curvature property, which is related to 
strong rigidity, was shown in [SCHlj . The strongest result on curvature 
by Liu, Sun, and Yau now follows immediately from Theorem [TJ 

Corollary 1 (|Yj). The Weil-Petersson metric on the Teichmiiller 
space of Riemann surfaces of genus p > 1 is dual Nakano negative. 

Proof. Observe that for a universal family / : X — > S the classical Weil- 
Petersson metric on R 1 f*T x /s corresponds to the L 2 metric on its dual 
bundle (/C® 2 , s ) , which is Nakano positive according to Theorem[6l □ 
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10.2. Curvature of the generalized Weil-Petersson metric and 
related metrics. In this section we present a new approach to ques- 
tions related hyperbolicity properties of moduli spaces and the exis- 
tence of non-isotrivial families in the sense of the hyperbolicity con- 
jecture of Shafarevich. We include immediate corollaries to our main 
theorem whiich are closely related to known cases ( e.g. |B-Vt IKE-KO] 

iRviiiKvi im iv^iv^ . 

We pick up the notations from Section 1 (in case of a smooth base 
space S of arbitrary dimension. Let / : X — > S be a smooth, proper 
holomorphic map, whose fibers X s , s G S are canonically polarized vari- 
eties of dimension n, equipped with Kahler-Einstein metrics of constant 
Ricci curvature equal to one. Let 

Ps :T So S —> H (X So ,T Xao ) 

be the Kodaira-Spencer map for a point s 6 S. The induced L 2 -metric 
on the space of infinitesimal deformations is given by integration of 
the harmonic representatives of the Kodaira-Spencer classes of tangent 
vectors. These were discussed in Section |2j 

Explicitly the Weil-Petersson hermitian inner product is defined as 
follows: Let (s 1 , . . . , be local holomorphic coordinates on S such 
that the given base point corresponds to the origin, and let (z, s) = 
(z 1 , . . . , z n , s 1 , . . . , s k ) be local holomorphic coordinates on X with 
f(z,s) = s. 

Let 



JL) = [A a -^-dzP] e H\X S0 ,T X ' 
dsij 1 lP dz a J v a °' 



with harmonic representative A?L. Then (with the above notations for 
the Kahler manifold X = X, 







(20) = A iS;/3 



(21) = g*Al 

(22) A m = A m . 



a 

iS;-/ 



The above equation (120]) is the <9-closedness, fl2Tl) the harmonicity, and 
( I22p reflects the close relationship with the metric tensor. 

Theorem 7. Any compact subspace or relatively compact subset of the 
moduli space of canonically polarized complex surfaces possesses a com- 
plex Finsler orbifold metric, whose holomorphic curvature is bounded 
by a negative constant. 
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In particular, the theorem implies that there exist no non-isotrivial 
holomorphic families of canonically polarized complex surfaces over the 
projective line or an elliptic curve. 

We will use the fact that the holomorphic curvature of a Finsler 
metric at a certain point p in the direction of a tangent vector v is the 
supremum of the curvatures of the pull-back of the given Finsler metric 
to a holomorphic disk through p and tangent to v (cf. [A-Pj ). (For a 
hermitian metric, the holomorphic curvature is known to be equal to 
the holomorphic sectional curvature). 

These facts readily generalize to metrics of orbifold type. 

The construction of the Finsler metric is by modifying the gener- 
alized Weil-Petersson metric. We recall the formula for its curvature 
denoting by □ the complex Laplacian on functions and tensors resp. 
The functions Ai ■ Aj are pointwise inner products of Kodaira- Spencer 
tensors, whereas Ai A Aj denotes a (0, 2)-form with values in A 2 T Xa (cf. 
[SCH2] ). 

Theorem 8 QSCH2] ). Let f : X — > S be a local universal family of 
canonically polarized manifolds with smooth base space S . Then the 
curvature tensor of the generalized Weil-Petersson metric equals 

R ™i( s ) = - / (a + ir^A-A^-AjjgdV 

- [ (n+iy^A-A^iAk-AjjgdV 
Jx, 

(23) -/ (D-iy^AAA^-iAjAA^gdV. 

Jx s 

For any harmonic Kodaira-Spencer tensor A = A^-^dz^ we denote 

by H (A A A) the harmonic part of A A A. 
The theorem implies the following estimate: 

Corollary 2. Let A = Then 

(24) R™(s)etW< (-nMwp+ \\H(AAA)\\ 2 )/vol(X s ). 

Proof. We apply the eigenspace decompositions of the function A ■ A 
and the tensor AAA with respect to the Laplacians. It was shown 
in [SCH2j that the eigenspace decomposition of A A A contains no 
contributions for eigenvalues A G (0, 1]. □ 

Now we denote by G the Finsler metric induced by G^ p . It is 
known that the holomorphic curvature of G is equal to the holomorphic 
sectional curvature of G^ p (cf. |A-P] ). 
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From now on, we assume that the fibers are of complex dimension 
two. The locally free sheaf R 2 f*A 2 T x /s is dual to f*fc%/ s - The latter, 
equipped with the induced L 2 -inner product, is Nakano-positive accord- 
ing to Theorem [6] for any effectively parameterized family / : X — > S. 
However, at this point, we cannot give any estimate for the curvature 
because Theorem [TJ does not contain any estimates. 

We consider the natural morphism 

(25) n : S 2 T S - R%A 2 T X/S . 

In general, we can only say that it induces a Finsler semi-metric on S. 
If the semi-metric is not identically zero but vanishes only on a thin 
analytic subset, it is of non-positive holomorphic curvature (considering 
that the holomorphic curvature of a Finsler metric is defined in terms 
of holomorphic curves) . 

We need the following fact. Let C be a holomorphic curve and G = 
G(z)dzdz a hermitian semi-metric, which is positive on the complement 
of a discrete subset say. Denote by 

Kc := _ «y G(2) 

ozoz I 

the (Ricci) curvature. Let H = H(z)dzdz be a further such metric. 
Lemma 4 (cf. [SCHHi Lemma 3]). 

G 2 H 2 

(26) k g+h < jcTHy KG + JgTW Kh - 

Observe that for H = the equation (126]) formally still holds. 

Let again / : X — > S be a local, universal family of canonically polar- 
ized manifolds. Then the Weil-Petersson metric determines a Finsler 
metric G on S, and the dual Nakano negative bundle R 2 f*A 2 Tx/s de- 
termines a Hermitian semi-metric H ^ for every curve C with y\c 
not identically zero, since the map fi restricted to C maps T^ 2 to the 
hermitian bundle R 2 f*A 2 Tx/s\C (compatible with base change). 

Now, we can use Corollary [2] and Lemma H] (under the assumption on 
the base space in Theorem [7]) to construct the desired Finsler orbifold 
metric from a convex sum G + jH of G and H, whose curvature is 
bounded by a negative constant from above. 

The non-existence of non-isotrivial holomorphic families of canoni- 
cally polarized surfaces over compact curves C of genus zero or one can 
be seen directly from Theorem [8] and Theorem [TJ If the map /ionC 
is identically zero, then the curvature formula for the Weil-Petersson 
metric (|23l) and the estimate (f24|) imply the claim, if not, Theorem [6] 
can be applied directly. 
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Corollary 3. Let C be a smooth, compact curve and f : X — > C a 
non-isotrivial family of canonically polarized surfaces. Then g(C) > 1 
or there exists at least one singular fiber. 

Proof. We apply Theorem [8] and Theorem [I] Let C C C be the set 
of points with regular fibers. Consider the case, where the map /i on 
C C C is identically zero. Then the curvature formula for the Weil- 
Petersson metric (1231) and the estimate (12^1) imply the existence of a 
metric, whose curvature is bounded from above by a negative constant. 
If fi ^ we apply the Gaufi-Bonnet theorem for singular metrics unsing 
Theorem [31 Since in this situation, we do not have a negative upper 
estimate for the curvature, we cannot bound the Lelong numbers at the 
singularities. So we can only infer the existence of at least one singular 
fiber, if g(C) < 1. □ 
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